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TRANSLATING SOLITONS OVER CARTAN-HADAMARD
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ABSTRACT. We prove existence results for entire graphical translators of
the mean curvature flow (the so-called bowl solitons) on Cartan-Hadamard
manifolds. We show that the asymptotic behaviour of entire solitons de-
pends heavily on the curvature of the manifold, and that there exist also
bounded solutions if the curvature goes to minus infinity fast enough.
Moreover, it is even possible to solve the asymptotic Dirichlet problem
under certain conditions. In the last section of the paper we study the
solutions of the soliton equation and a capillary type equation with pre-
scribed contact angle condition.
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1. INTRODUCTION
In this paper we study the existence of translating solitons in Riemannian
products N×R, where N is an n-dimensional Cartan-Hadamard manifold,
i.e. a complete, simply connected Riemannian manifold with non-positive
sectional curvature. A submanifold M of N ×R is a translating soliton of
the mean curvature flow if
cX⊥ = H,
where H is the mean curvature vector field, X = ∂t is the standard coor-
dinate vector field of R, and c ∈ R is a constant that indicates the velocity
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of the flow. Recall from [5, Prop. 6] that, given a domain Ω ⊂ N and a C2
function u : Ω→ R, the graph
M =
{(
x, u(x)
)
: x ∈ Ω} ⊂ N ×R
is a translating soliton if and only if u satisfies the quasilinear partial differ-
ential equation
div
∇u√
1+ |∇u|2 =
c√
1+ |∇u|2 (1.1)
with some constant c ∈ R.
In [1] Altschuler and Wu studied surfaces over a convex domain in R2
that are evolving by the mean curvature flow and have prescribed contact
angle with the boundary cylinder. They also proved the existence of a con-
vex rotationally symmetric translating soliton over the entire plane. Clut-
terbuck, Schnürer, and Schulze [3] constructed entire, rotationally symmet-
ric, strictly convex graphical translating solitons in Rn+1, n ≥ 2, known
as bowl solitons. They also classified all translating solitons of revolution
giving a one-parameter family of rotationally symmetric “winglike" soli-
tons Mε, where ε represents the neck-size of the winglike soliton Mε and
the limit as ε → 0 consists of a dounle copy of the bowl soliton. We recall
that Wang [16] characterized the bowl soliton as the only convex translating
solitons in Rn+1 that is an entire graph. Spruck and Xiao [15] proved that
a translating soliton which is graph over the wholeR2 must be convex and
hence the bowl soliton. In recent years several families of new translating
solitons in the Euclidean space have been constructed by using different
techniques, see [4], [8], [9], [12], [13], [14]. For instance, in [8] Hoffman, Il-
manen, Martín and White gave a full classification of complete translating
graphs in R3 and constructed (n− 1)-parameter families of new examples
of translating graphs in Rn+1.
In [5] de Lira and Martín extended the constructions of Clutterbuck,
Schnürer, and Schulze to rotationally symmetric Cartan-Hadamard man-
ifolds Nξ whose metric can be written as
dr2 + ξ(r)2dϑ2,
where r = r(x) = d(o, x) is the distance to a pole o ∈ Nξ and dϑ2 is the
metric on the unit sphere Sn−1 ⊂ To Nξ . They proved the existence of a one-
parameter family of rotationally symmetric translating solitons Mε, ε ∈
[0,+∞), embedded into the Riemannian product Nξ ×R. The translating
soliton M0, again called the bowl soliton, is the graph of an entire solution
to (1.1), whereas each Mε, ε > 0, is a bi-graph over the exterior of the
geodesic ball B(o, ε) ⊂ Nξ and is called a winglike soliton. Notice that a
radial function u = u(r) is a solution to (1.1) if and only if it satisfies the
ODE √
1+ u′2
(
u′√
1+ u′2
)′
+ u′∆r = c,
or equivalently,
u′′
1+ u′2
+ (n− 1) ξ
′(r)
ξ(r)
u′ − c = 0, (1.2)
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where the prime ′ denotes derivatives with respect to the radial coordinate
r.
In this paper we prove existence results for graphical translating solitons
on Cartan-Hadamard manifolds that need not be rotationally symmetric.
We assume that the radial sectional curvatures of a Cartan-Hadamard man-
ifold N satisfy
− b(r(x))2 ≤ K(Px) ≤ −a(r(x))2, (1.3)
where r is the distance function to a fixed point o ∈ N, a, b : [0,∞)→ [0,∞)
are smooth functions, and Px is any 2-plane in the tangent space Tx N con-
taining (∂r)x = ∇r(x). We call a and b the radial curvature functions of
N.
We will denote by Na and Nb the rotationally symmetric model mani-
folds with radial sectional curvatures−a(r)2 and−b(r)2, respectively. Note
that the Riemannian metric ga on Na (similarly on Nb) can be written as
ga = dr2 + fa(r)2dϑ2,
where fa is the solution for the 1-dimensional Jacobi equation
fa(0) = 0
f ′a(0) = 1
f ′′a = a2 fa.
(1.4)
Next we describe the structure of our paper and state some of our re-
sults. The main theme in Section 2 is the search of global super- and sub-
solutions to (1.1) that stay of bounded distance from each other and use
them as barriers in construction of entire solutions. First we implement the
rotationally symmetric bowl solitons from the models Na and Nb obtained
by de Lira and Martín to the actual Cartan-Hadamard manifold N and ob-
tain solutions to (1.1) on geodesic balls B(o, R) ⊂ N with constant bound-
ary values on ∂B(o, R). In Subsection 2.1 we first improve the estimate of
the asymptotic behavior of a rotationally symmetric solutions obtained in
[3] and [5]. Then we consider asymptotically rotationally symmetric man-
ifolds and utilize the bowl solitons in rotationally symmetric models as
global upper and lower barriers. If the sectional curvature upper bound
goes to minus infinity fast enough, there can be bounded entire solutions
to (1.1). Indeed, we have the following:
Theorem 1.1. Suppose that
K(Px) ≤ −a
(
r(x)
)2,
where the curvature upper bound goes to −∞ fast enough so that
lim
t→∞
a′(t)
a(t)2
= 0 and
∫ ∞
0
fa(t)
f ′a(t)
dt < ∞.
Then there exists a translating soliton in N × R that is the graph of an entire
bounded solution u : N → R to the equation (1.1).
Furthermore, under suitable curvature bounds, it is even possible to
solve the asymptotic Dirichlet problem for (1.1). For instance, if the radial
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sectional curvatures are bounded as
−2 cosh ( cosh r(x)) ≤ K(Px) ≤ − cosh2 r(x)− sinh r(x) coth ( sinh r(x))
and we are given a continuous function ϕ ∈ C(∂∞N) on the sphere at in-
finity, there exists a unique entire solution u ∈ C2(N) ∩ C(N) to (1.1) with
boundary values u|∂∞N = ϕ at infinity. See Theorem 2.14 in Subsection 2.3
for the general result. In Subsection 2.4 we construct global super- and sub-
solutions whose difference goes to zero at infinity under certain (implicit)
assumptions on the Riemannian metric that are more general than those in
2.1. Then we apply these barriers in construction of entire solutions. The
following two corollaries provide examples of such suitable metrics.
Corollary 1.2. Let (N2, g) be a 2-dimensional Cartan-Hadamard manifold with
the Riemannian metric g = dr2 + h(r, θ)2dθ2, where
h(r, θ) =
1
a cos2 θ + b sin2 θ
sinh(ar cos2 θ + br sin2 θ).
Then there exists a bowl soliton on (N2, g).
Corollary 1.3. Let (N2, g) be a 2-dimensional Cartan-Hadamard manifold with
the Riemannian metric g = dr2 + h(r, θ)2dθ2, where
h(r, θ) = cos2 θ fa(r) + sin2 θ fb(r),
where f ′′b (r) =
β2
r2 fb(r), f
′′
a (r) =
α2
r2 fa(r), with β > α > 4
√
5. Then there exists
a bowl soliton on (N2, g).
Section 3 is devoted to the existence of solutions with prescribed contact
angle on the boundary of smooth relatively compact domains. Here we
do not assume that N is a Cartan-Hadamard manifold. We consider both
the soliton equation and a capillary type equation. We prove a gradient
estimate that might have also independent interest. A similar idea will be
used in our forthcoming paper on the mean curvature flow with prescribed
contact angle. Concerning the capillary type equation, we have:
Theorem 1.4. Let N be a Riemannian manifold and Ω ⊂ N a relatively com-
pact domain with smooth boundary ∂Ω. Suppose that φ ∈ C∞(∂Ω) is a smooth
function such that |φ| ≤ φ0 < 1. Given ε > 0 there exists a unique solution
u ∈ C2,α(Ω¯) to 
div
∇u√
1+ |∇u|2 =
εu√
1+ |∇u|2 in Ω
∂γu√
1+ |∇u|2 = φ on ∂Ω.
As a consequence, we obtain:
Theorem 1.5. Let N be a Riemannian manifold and Ω ⊂ N a relatively compact
domain with smooth boundary ∂Ω. Suppose that φ ∈ C∞(∂Ω) is a smooth func-
tion such that |φ| ≤ φ0 < 1. Then there exist a unique constant C = C(Ω, φ)
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and a unique solution u ∈ C2,α(Ω¯) (up to an additive constant) to
div
∇u√
1+ |∇u|2 =
C√
1+ |∇u|2 in Ω,
∂γu√
1+ |∇u|2 = φ on ∂Ω.
(1.5)
Moreover, the constant C = C(Ω, φ) satisfies
C =
− ∫∂Ω φdσ∫
Ω (1+ |∇u|2)−1/2 dx
.
At least in some special cases it is possible to fix the constant C in ad-
vance and then find the boundary condition so that the above problem has
a solution in every geodesic ball with the same constant C:
Theorem 1.6. Suppose that N is a Cartan-Hadamard manifold with KN ≤ −A2 <
0 and fix C ∈ ( − (n − 1)A, (n − 1)A). Then, for every R > 0, there exists
φ ∈ C1(∂B(o, R)), with |φ| < 1, such that the equation (1.5) is solvable in
B(o, R) with the same fixed C.
Finally we present a partial generalization of [1, Corollary 3.3] due to
Altschuler and Wu and a new proof for the existence of entire solutions to
(1.1) in certain rotationally symmetric cases:
Corollary 1.7. Suppose that N is a complete rotationally symmetric Riemannian
manifold with the pole o ∈ N such that the radial sectional curvatures satisfy
K(Px) = − ξ
′′(r(x))
ξ(r(x))
≤ −A2 < 0
and let C0 ∈
( − (n − 1)A, (n − 1)A). Then there exists an entire solution to
(1.1) with the constant C0.
We want to emphasize that this is just a special case of [5, Theorem 7].
Our point here is its proof that is adapted from [1, Corollary 3.3].
2. CONSTRUCTION OF ENTIRE SOLUTIONS
In this section we search conditions on N that guarantee the existence of
an entire solution to (1.1). We start with the following application of the
Laplace comparison theorem and the existence result of de Lira and Martín
for rotationally symmetric models.
Lemma 2.1 (Sub- and supersolutions). Assume that N satisfies (1.3). Then
there exist entire radial sub- and supersolutions to the equation (1.1) for every
c ∈ R.
Proof. We prove the claim for subsolutions in the case c > 0, the other cases
are similar. Let ua : Na → R be the radial solution on Na to (1.1) given by
[5, Theorem 7]. Using ua we define a radial function, also denoted by ua,
on N by setting ua(x) = ua(r(x)), where r(x) is the distance to the fixed
point o ∈ N. Hence ∇ua = u′a∇r. Applying the Laplace comparison ∆r ≥
6 J.-B. CASTERAS, E. HEINONEN, I. HOLOPAINEN, AND J. H. DE LIRA
∆ar, where ∆a denotes the Laplace-Beltrami operator on Na, and denoting
Wa =
√
1+ |∇ua|2 we obtain
div
∇ua
Wa
− c
Wa
=
div∇ua
Wa
+
〈
∇ua,∇(Wa)−1
〉
− c
Wa
=
u′a∆r + u′′a
Wa
+
〈
∇ua,∇(Wa)−1
〉
− c
Wa
≥ u
′
a∆ar + u′′a
Wa
+ ga
(
∇ua,∇(Wa)−1
)
− c
Wa
=
1
Wa
(
u′′a
1+ u′2a
+ u′a∆ar− c
)
= 0.
Above we used the fact u′a ≥ 0 that follows from the maximum principle
since the radial solution ua on Na can not have interior maxima. Similarly,
the entire radial solution ub on Nb yields an entire supersolution on N. In
fact, any constant function on N is a supersolution for c ≥ 0. 
From now on we assume, without loss of generality, that the constant c
in (1.1) is nonnegative. The sub- and supersolutions ua and, respectively,
ub can be uses as barriers in order to obtain solutions in geodesic balls with
constant boundary values.
Lemma 2.2. For every geodesic ball B = B(o, R) ⊂ N and a constant m ∈ R
there exists a function u ∈ C2(B) ∩ C(B¯) that solves the equationdiv
∇u√
1+ |∇u|2 =
c√
1+|∇u|2 in B
u|∂B = m.
(2.1)
Proof. Let ua and ub be the radial sub- and supersolutions given by Lemma
2.1. By adding suitable constants we may assume that ua = ub = m on ∂B.
Then ua is a lower barrier and ub is an upper barrier in B, and therefore we
obtain a priori boundary gradient estimate for the Dirichlet problem (2.1).
By [2, Lemma 2.3] we have a priori interior gradient estimate, hence the
existence of a solution to (2.1) follows from the Leray-Schauder method [6,
Theorem 13.8]. 
Remark 2.3. Although ua and ub are global sub- and supersolutions it seems diffi-
cult to use them as global barriers. The difficulty being that the difference |ub− ua|
remains bounded only in a very special case of asymptotically rotationally symmet-
ric manifolds; see Lemma 2.8 and Remark 2.9.
2.1. Asymptotically rotationally symmetric case. Next we will prove the
existence of entire solutions of (1.1) under assumptions on the asymptotic
behaviour of the radial sectional curvatures of M. For this we first slightly
improve the estimate about the asymptotic behaviour of the rotationally
symmetric solutions obtained in [5]; see also [3].
Proposition 2.4. Let N be a complete rotationally symmetric Riemannian mani-
fold whose radial sectional curvatures satisfy
K(Px) = − ξ
′′(r(x))
ξ(r(x))
≤ 0.
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Suppose, furthermore, that
(i) (
ξ
ξ ′
)′
= o
(
min
{
max
{
1,
(
ξ
ξ ′
)2}
, max
{
ξ
ξ ′
,
ξ ′
ξ
}})
(ii)
h
(
ξ
ξ ′
)′
= o
(
max
{
ξ
ξ ′
,
ξ ′
ξ
})
(iii)
h′
h
= o
(
max
{
ξ ′
ξ
,
ξ
ξ ′
})
as r → ∞ for some smooth positive h. Then the rotationally symmetric translating
solitons Mε, ε ∈ [0,+∞), are described, outside a cylinder over a geodesic ball
BR(o) ⊂ N, as graphs or bi-graphs of functions with the following asymptotic
behavior
u′(r) =
c
n− 1
ξ(r)
ξ ′(r)
+ o
(
1
h(r)
)
(2.2)
as r→ +∞.
Proof. Denoting ϕ = u′ the equation (1.2) becomes
ϕ′(r) =
(
1+ ϕ2(r)
) (
c− (n− 1) ξ
′(r)
ξ(r)
ϕ
)
=: F
(
r, ϕ(r)
)
.
For e > 0 we denote
ζ(r) = (1− e) c
n− 1
ξ(r)
ξ ′(r)
.
We claim that for every given e > 0 and r0 > R there exists r1 > r0 such
that
ζ(r1) < ϕ(r1).
Indeed, if this were not the case, there would exist e > 0 and r0 > R such
that
ϕ(r) ≤ (1− e) c
n− 1
ξ(r)
ξ ′(r)
for every r > r0. In this case we would have
ϕ′(r) ≥ ce(1+ ϕ2(r)), r > r0
which implies that
ce(r− r∗) ≤ arctan ϕ(r)− arctan ϕ(r∗)
for all r > r∗ > r0. This contradicts the fact that the solution is entire and
hence r → +∞.
Next we claim that
ζ ′(r) < F
(
r, ζ(r)
)
for all sufficiently large r > R. Indeed, we have
F
(
r, ζ(r)
)
= ce
(
1+ (1− e)2 c
2
(n− 1)2
(
ξ(r)
ξ ′(r)
)2)
> (1− e) c
n− 1
(
ξ(r)
ξ ′(r)
)′
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if and only if
(n− 1)2 + (1− e)2c2
(
ξ(r)
ξ ′(r)
)2
>
(
1
e
− 1
)
(n− 1)
(
ξ(r)
ξ ′(r)
)′
that holds true for all sufficiently large r > R by the assumption (i). Then
adjusting r1 > r0 to be sufficiently large we conclude from a standard com-
parison argument for nonlinear ODEs that
ζ(r) < ϕ(r)
for every r > r1, with r1 > r0 > R sufficiently large. We conclude that for
every given e > 0 and r0 > R there exists r1 > r0 such that
(1− e) c
n− 1
ξ(r)
ξ ′(r)
< ϕ(r)
for all r > r1.
Similarly, given e > 0 we denote
η(r) = (1+ e)
c
n− 1
ξ(r)
ξ ′(r)
Again we claim that for every e > 0 and r0 > R there exists r1 > r0 such
that
η(r1) > ϕ(r1).
Otherwise, we could find e > 0 and r0 > R such that
ϕ(r) > (1+ e)
c
n− 1
ξ(r)
ξ ′(r)
for every r > r0. Consequently,
ϕ′(r) < −ce(1+ ϕ2(r)), r > r∗ > r0,
leading to a contradiction
arctan ϕ(r)− arctan ϕ(r∗) < −ce(r− r∗), r < r∗ < r0.
Next we prove that
η′(r) = (1+ e)
c
n− 1
(
ξ(r)
ξ ′(r)
)′
> −ce
(
1+ (1+ e)2
c2
(n− 1)2
(
ξ(r)
ξ ′(r)
)2)
= F
(
r, η(r)
)
for all sufficiently large r, or equivalently that
−(n− 1)2 − (1+ e)2c2
(
ξ(r)
ξ ′(r)
)2
<
(
1
e
+ 1
)
(n− 1)
(
ξ(r)
ξ ′(r)
)′
that holds true for all sufficiently large r again by the assumption (i). There-
fore we can again conclude that for every given e > 0 and r0 > R there
exists r1 > r0 such that
ϕ(r) < (1+ e)
c
n− 1
ξ(r)
ξ ′(r)
TRANSLATING SOLITONS OVER CARTAN-HADAMARD MANIFOLDS 9
for all r > r1.
We set
ϕ(r) =
c
n− 1
ξ(r)
ξ ′(r)
+ ψ(r)
and claim that
lim
r→+∞ψ(r) = 0.
If this were not the case, then
lim inf
r→+∞ ψ(r) < 0
or
lim sup
r→+∞
ψ(r) > 0.
Note that
ψ′(r) = −(n− 1)ψ(r) ξ
′(r)
ξ(r)
(
1+
(
c
n− 1
ξ(r)
ξ ′(r)
+ ψ(r)
)2)
− c
n− 1
(
ξ(r)
ξ ′(r)
)′
and that
|ψ(r)| ≤ ce
n− 1
ξ(r)
ξ ′(r)
for r > r1.
Suppose first that
lim inf
r→+∞ ψ(r) < 0.
Given any δ > 0, with
lim inf
r→+∞ ψ(r) < −δ,
there are arbitrary large r∗ such that
ψ(r∗) < −δ.
For every such r∗ ≥ r2 we have, by the assumption (i), that
ψ′(r∗) > δ
(
(n− 1)ξ ′(r)
ξ(r)
+
(1− e)2c2
n− 1
ξ(r)
ξ ′(r)
)
− c
n− 1
(
ξ(r)
ξ ′(r)
)′
≥ δ˜ > 0
whenever r2 is large enough. Hence there exists an interval [r∗, r˜], r˜ > r∗,
such that ψ(r) ≤ −δ, ψ′(r) ≥ δ˜, and hence ψ(r) ≥ (r− r∗)δ˜+ ψ(r∗) for all
r ∈ [r∗, r˜]. Let r3 be the supremum of such r˜. Then ψ(r3) = −δ, ψ′(r3) ≥ δ˜,
and consequently ψ > −δ on some open interval (r3, r). Since
lim inf
r→+∞ ψ(r) < −δ,
the supremum
r4 := sup{r > r3 : ψ(t) > −δ ∀t ∈ (r3, r)}
is finite, hence ψ(r4) = −δ and ψ′(r4) ≥ δ˜. This leads to a contradiction
since ψ(t) > −δ for all t ∈ (r3, r4).
Suppose then that
lim sup
r→+∞
ψ(r) > 0.
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Given any δ > 0, with
δ < lim sup
r→+∞
ψ(r),
there are arbitrary large r∗ such that
ψ(r∗) > δ.
Again, for every such r∗ ≥ r2 we have
ψ′(r∗) < −δ˜
whenever r2 is large enough. As above, this leads to a contradiction.
Thus
lim
r→+∞ψ(r) = 0.
Next we study the rate of the convergence ψ→ 0. For this, we denote
λ(r) = h(r)ψ(r) (2.3)
and show that λ(r)→ 0 as r → ∞. Since
λ′(r) = h(r)ψ′(r) + h′(r)ψ(r)
and
ψ′(r) = −(n− 1)ψ(r) ξ
′(r)
ξ(r)
(
1+
( c
n− 1
ξ(r)
ξ ′(r)
+ ψ(r)
)2)
− c
n− 1
(
ξ(r)
ξ ′(r)
)′
we have
λ′(r) = −(n− 1)λ(r) ξ
′(r)
ξ(r)
(
1+
( c
n− 1
ξ(r)
ξ ′(r)
+ ψ(r)
)2)
− c · h(r)
n− 1
(
ξ(r)
ξ ′(r)
)′
+
h′(r)λ(r)
h(r)
= −λ(r)
(
(n− 1)ξ ′(r)
ξ(r)
− h
′(r)
h(r)
+
(n− 1)ξ ′(r)
ξ(r)
(
c
n− 1
ξ(r)
ξ ′(r)
+ ψ(r)
)2)
− c · h(r)
n− 1
(
ξ(r)
ξ ′(r)
)′
.
Assuming that λ(r) ≤ −δ < 0 for some arbitrarily large r implies that
λ′(r) ≥ δ
(
(n− 1)ξ ′(r)
ξ(r)
− h
′(r)
h(r)
+
(1− e)2c2
n− 1
ξ(r)
ξ ′(r)
)
− c · h(r)
n− 1
(
ξ(r)
ξ ′(r)
)′
≥ δ˜ > 0
for such r by assumptions (ii) and (iii). By a similar argument as before this
implies that
lim inf
r→+∞ λ(r) ≥ 0.
On the other hand, if λ(r) ≥ δ > 0 for some arbitrarily large r, then λ′(r) ≤
−δ˜ < 0 for such r, and again we can conclude that
lim sup
r→+∞
λ(r) ≤ 0.
We have proven that λ(r)→ 0 as r → +∞, and therefore
ϕ(r) =
c
n− 1
ξ(r)
ξ ′(r)
+ o
(
1
h(r)
)
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as r → +∞. 
Example 2.5. (a) If ξ(r) = r, we may choose h(r) = r/ log r.
(b) If ξ(r) = sinh r, we may choose, for example,
h(r) = er
α
, 0 < α < 1.
In fact, also h(r) = sinh r will do as can be seen in the estimation of
λ′(r).
(c) If ξ(r) = sinh(sinh r), we can choose h(r) = er/ log r.
Next, let us discuss the condition (i) of Proposition 2.4. Before doing
so, we need the following lemma which provides criteria to compare the
sectional curvature K(Px) with (ξ ′/ξ)
(
r(x)
)
when r(x) is very large. To
simplify notation, we set −a2 = K and fa = ξ.
Lemma 2.6. Suppose that a : [0,∞) → [0,∞) is a smooth function such that
a(t) > 0 for every t ≥ t0, for some t0 > 0.
(i) If
lim
t→∞
a′(t)
a2(t)
= 0, (2.4)
then
lim
t→∞
f ′a(t)
a(t) fa(t)
= 1.
(ii) If (2.4) does not hold, we assume that a′(t) ≤ −c a2(t) < 0, with some
constant c > 0, for all sufficiently large every t and, furthermore, either
(a) a 6∈ L1([0,∞)) or
(b) a ∈ L1([0,∞)) and f ′a(t)→ ∞ as t→ ∞.
Then we have
lim inf
t→∞
f ′a(t)
a(t) fa(t)
> 1. (2.5)
Proof. The proof of (i) can be found in [10, Lemma 2.3]. Let us prove next
(ii). Its proof follows closely [10, Lemma 2.3]. For k > 0 we define
gk(t) = exp
(
k
∫ t
0
a(s)ds
)
and notice that
g′k(t) = k a(t)gk(t)
and
g′′k (t) =
(
k a′(t) + k2a2(t)
)
gk(t).
Since a′(t) ≤ −c a2(t) < 0 for all t ≥ t1, we obtain
g′′k (t)
gk(t)
= k a′(t) + k2a2(t)
≤ (k2 − c k)a2(t)
= a2(t)
if
k =
√
1+ (c/2)2 + c/2 =: 1+ ε > 1.
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Therefore(
fag′1+ε − g1+ε f ′a
)′
(t) = fa(t)g′′1+ε(t)− g1+ε(t) f ′′a (t)
= fa(t)
(
g′′1+ε(t)− g1+ε(t)a2(t)
) ≤ 0
for all t ≥ t1. Hence
fa(t)g′1+ε(t) ≤ C + f ′a(t)g1+ε(t),
and consequently
g′1+ε(t)/g1+ε(t)
f ′a(t)/ fa(t)
≤ 1+ C
f ′a(t)g1+ε(t)
for all t ≥ t1. If a 6∈ L1
(
[0,∞)
)
, we have g1+ε(t) → ∞ as t → ∞. Otherwise
f ′a(t) → ∞ as t → ∞ by the assumption (b) of (ii). Thus in both cases we
have
lim sup
t→∞
a(t)
f ′a(t)/ fa(t)
=
1
1+ ε
lim sup
t→∞
g′1+ε(t)/g1+ε(t)
f ′a(t)/ fa(t)
≤ 1
1+ ε
.
This proves (2.5). 
Notice that (
fa
f ′a
)′
= 1−
(
fa
f ′a
)2
a2. (2.6)
So if
lim
t→∞
a′(t)
a2(t)
= 0,
then we deduce from Lemma 2.6 that(
fa
f ′a
)′
(t) = o(1),
as t→ ∞. Furthermore, using once more Lemma 2.6, we get
lim
t→∞
f ′a
fa
(t) = ∞
if limt→∞ a(t) = +∞, and
lim
t→∞
fa
f ′a
(t) = ∞
if limt→∞ a(t) = 0. Therefore, if
lim
t→∞
a′(t)
a2(t)
= 0,
then the condition (i) of Proposition 2.4 is satisfied.
Next, let us assume that a satisfies the assumptions (ii) in Lemma 2.6.
First, integrating the inequality a′(t) ≤ −ca2(t), we deduce that there exists
a constant C such that a(t) ≤ C/t = a˜(t). Therefore, using Example 2.1 of
[10], there exist two positive constants α > 1 and c such that limt→∞
f a˜(t)
tα
=
c and limt→∞
f ′˜a(t)
tα−1
= αc. This implies that
lim
t→∞
f a˜
f ′˜a
(t) = ∞.
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By standard comparison theorem (see for instance Lemma 2.2 of [10]), we
deduce that
lim
t→∞
fa
f ′a
(t) = ∞. (2.7)
Since, by Lemma 2.6 and (2.6),
(
fa
f ′a
)′
(t) ≥ C > 0, we conclude that (i) of
Proposition 2.4 holds if a satisfies the assumptions (ii) in Lemma 2.6.
Concerning conditions (ii) and (iii) of Proposition 2.4, we see that if
limt→∞ a(t) = ∞ then we can take h = f ′a/ fa. Indeed, (ii) is a direct con-
sequence of the fact that ( fa/ f ′a)′(t) → 0 as t → ∞. Concerning (iii), we
notice that
h′ = a2 −
(
f ′a
fa
)2
=
(
f ′a
fa
)2(( a fa
f ′a
)2
− 1
)
.
Using that
lim
t→∞
f ′a(t)
a(t) fa(t)
= 1,
we deduce that h′ = o(h2) which is equivalent to (iii). We do not comment
on these conditions in the case limt→∞ a(t) = 0 since in any case, we will
need a refined asymptotic expansion.
Proposition 2.7. Let N be a complete rotationally symmetric Riemannian mani-
fold whose radial sectional curvatures satisfy
K(Px) = − ξ
′′(r(x))
ξ(r(x))
≤ 0.
Suppose, furthermore, that(
ξ
ξ ′
)′
(r) = O(1),
(
ξ
ξ ′
)′′
(r) = o
((
ξ
ξ ′
)′
(r)
(
ξ
ξ ′
)
(r)
)
,
and
ξ(r)
ξ ′(r)
→ ∞
as r → ∞. Then the rotationally symmetric translating solitons Mε, ε ∈ [0,+∞),
are described, outside a cylinder over a geodesic ball BR(o) ⊂ N, as graphs or
bi-graphs of functions with the following asymptotic behavior
u′(r) =
c
n− 1
ξ(r)
ξ ′(r)
+ λ(r)
ξ ′(r)
ξ(r)
+ η(r)
(
ξ ′(r)
ξ(r)
)3
(2.8)
as r→ +∞, where ∣∣∣∣∣λ+ 1c
(
ξ
ξ ′
)′∣∣∣∣∣→ 0 (2.9)
and∣∣∣∣∣∣η + 3(n− 1)c3
((
ξ
ξ ′
)′)2
− (n− 1)
2
c3
(
ξ
ξ ′
)′
− n− 1
c3
(
ξ
ξ ′
)(
ξ
ξ ′
)′′∣∣∣∣∣∣→ 0
(2.10)
as r→ +∞.
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Proof. By the proof of 2.4
u′(r) = ϕ(r) =
c
n− 1
ξ(r)
ξ ′(r)
+ ψ(r),
where ψ(r)→ 0 as r → ∞. We write
λ(r) =
ξ(r)
ξ ′(r)
ψ(r)
and claim that (2.9) holds for λ. First we compute
λ′ =
ξ
ξ ′
ψ′ +
(
ξ
ξ ′
)′
ψ
= −(n− 1)ψ
(
1+
(
c
n− 1
ξ
ξ ′
+ ψ
)2)
− c
n− 1
ξ
ξ ′
(
ξ
ξ ′
)′
+
(
ξ
ξ ′
)′
ψ
=
c
n− 1
ξ
ξ ′
(
−
(
ξ
ξ ′
)′
− cλ− 2(n− 1)ψ2 + n− 1
c
ξ ′
ξ
(
ξ
ξ ′
)′
ψ
)
− (n− 1)ψ(1+ ψ2).
If, for fixed δ > 0
λ(r) > −1
c
(
ξ
ξ ′
)′
(r) + δ
for some arbitrary large r, then λ′(r) < −δ˜ < 0 for such r. Similarly, if
λ(r) < −1
c
(
ξ
ξ ′
)′
(r)− δ
for some arbitrary large r, then λ′(r) > δ˜ for such r. Hence (2.9) holds.
Next we write
λ = −1
c
(
ξ
ξ ′
)′
+ η
(
ξ ′
ξ
)2
.
Hence
η′ =
c2
n− 1
ξ
ξ ′
{
−η + 2(n− 1)
c2
(
λ+
1
c
(
ξ
ξ ′
)′)( ξ
ξ ′
)′
− 2(n− 1)
c
λ2
+
n− 1
c2
λ
(
ξ
ξ ′
)′
− (n− 1)
2
c2
λ(1+ ψ2) +
n− 1
c3
(
ξ
ξ ′
)(
ξ
ξ ′
)′′}
from which we deduce as earlier that (2.10) holds. 
We claim that the assumptions of the previous lemma hold under the
hypothesis of Lemma 2.6 (ii) with K = −a2. By Lemma 2.6, (2.6) and (2.7),
we see that (
fa
f ′a
)′
(r) ≥ C
and
fa
f ′a
(r)→ ∞
TRANSLATING SOLITONS OVER CARTAN-HADAMARD MANIFOLDS 15
as r → ∞. Notice that(
fa
f ′a
)′′
= −2 fa
f ′a
a
((
fa
f ′a
)′
a +
fa
f ′a
a′
)
.
So the condition (
fa
f ′a
)′′
(r) = o
((
fa
f ′a
)′
(r)
(
fa
f ′a
)
(r)
)
is equivalent to
fa
f ′a
aa′ = o(1).
Since a fa/ f ′a ≤ 1 and a′ goes to 0, this holds true. This proves the claim.
Lemma 2.8. Let N be a Cartan-Hadamard manifold whose radial sectional cur-
vatures satisfy
−b(r)2 ≤ KN ≤ −a(r)2 ≤ −α2,
where α > 0 is constant and b ≥ a are positive smooth functions such that the
corresponding solutions to the Jacobi equation (1.4) satisfy
fa
f ′a
(r) =
fb
f ′b
(r) +O
(
1
h(r)
)
(2.11)
and that
h(r)
(
fi
f ′i
)′
(r)→ 0, i = a, b, (2.12)
for some smooth, increasing, positive function h such that
1
h
∈ L1(+∞) (2.13)
and
h′
h
(r)→ 0 (2.14)
as r → ∞. Then there exist entire radial sub- and supersolutions, ua and ub, of
(1.1) such that the difference |ub(x)− ua(x)| remains bounded as r(x)→ ∞.
Proof. Since
f ′b
fb
(s) ≥ f
′
a
fa
(s) ≥ 1
α
coth(αs)
by [10, Lemma 2.2], we see that the assumptions in Proposition 2.4 hold
with a function h satisfying (2.12) and (2.14). Let ua and ub be the entire
radial sub- and, respectively, supersolution on N obtained from the model
manifolds Na and Nb as in Lemma 2.1. By considering ui − ui(o), i = a, b,
we can assume that ui(o) = 0 and hence, using (2.2), (2.11) and (2.13), the
difference of the these functions can be estimated by
|ub(x)− ua(x)| =
∣∣∣∣∫ r(x)0 (u′b(s)− u′a(s)) ds
∣∣∣∣
=
c
n− 1
∣∣∣∣∫ r(x)0
(
fb
f ′b
(s)− fa
f ′a
(s) +O
(
1
h(s)
))
ds
∣∣∣∣
≤ C < ∞.
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
Remark 2.9. The assumptions in Lemma 2.8 are very restrictive. Indeed, it fol-
lows from (2.11), (2.12), and (2.13) that
b2 − a2 =
(
f ′b
fb
)2(
1−
(
fb
f ′b
)′)
−
(
f ′a
fa
)2(
1−
(
fa
f ′a
)′)
→ 0
as r→ ∞.
Theorem 2.10. Let N be a Cartan-Hadamard manifold as in Lemma 2.8. Then
there exists an entire solution u : M→ R to the soliton equation (1.1).
Proof. Let ua and ub be the entire radial sub- and, respectively, supersolu-
tion on N obtained from the model manifolds Na and Nb as in Lemma 2.1.
By Lemma 2.2 there exists, for each k ∈ N, a function uk ∈ C2
(
B(o, k)
) ∩
C
(
B¯(o, k)
)
that solves the equationdiv
∇v√
1+ |∇v|2 =
c√
1+|∇v|2 in B(o, k)
v|∂B(o, k) = mk,
where mk = ua|∂B(o, k). On the other hand, by Lemma 2.8, there ex-
ists a constant C > 0 such that ub + C ≥ ua on N. Furthermore, ub +
C is a (global) supersolution. Therefore the sequence (uk) is locally uni-
formly bounded and hence there exists a subsequence converging locally
uniformly with respect to C2-norm to an entire solution u. 
As in [5] we call the graph M = {(x, u(x)) ∈ N ×R : x ∈ N} a bowl
soliton.
We want to give some examples about metrics that satisfy the assump-
tions (2.11) – (2.14).
Example 2.11. 1. We may choose fa(r) = sinh r and fb(r) = g(r) sinh r,
where g is a smooth positive function such that g(r) = c e−1/r for all
large r with a suitable positive constant c and that
2g′(r) coth r
g(r)
+
g′′(r)
g(r)
is nonnegative and bounded and, furthermore, that g(0) = 1 and
g(odd)(0) = 0. Then
a2(r) =
f ′′a (r)
fa(r)
= 1 ≤ 1+ 2g
′(r) coth r
g(r)
+
g′′(r)
g(r)
=
f ′′b (r)
fb(r)
= b2(r),
and fa and fb satisfy the assumptions (2.11)–(2.14) with h(r) = r2.
2. Another example is given by fa(r) = 12
(
sinh r + 12 sinh 2r
)
and
fb(r) = 12 sinh 2r. Then
a2(r) =
f ′′a (r)
fa(r)
=
sinh r + 2 sinh(2r)
sinh r + 12 sinh 2r
≤ 4 = f
′′
b (r)
fb(r)
= b2(r)
and, furthermore, fa and fb satisfy (2.11)–(2.14) with h(r) = er.
In fact, any choice
fa(r) = s sinh r + (1− s) 1b sinh(bt) and fb(t) = 1b sinh bt,
TRANSLATING SOLITONS OVER CARTAN-HADAMARD MANIFOLDS 17
with 0 < s < 1 and b > 1, will do.
2.2. Bounded solutions. Next we show that if the sectional curvatures of
N are negative enough near the infinity, it is possible to have entire bounded
solutions of (1.1). Recall that, in the radially symmetric case, the soliton
equation (1.1) can be written as
u′′(r)
1+ u′(r)2
+ (n− 1) ξ
′(r)
ξ(r)
u′(r)− c = 0. (2.15)
Theorem 2.12. Suppose that
K(Px) ≤ −a
(
r(x)
)2,
where the curvature upper bound goes to −∞ fast enough so that
lim
t→∞
a′(t)
a(t)2
= 0 and
∫ ∞
0
fa(t)
f ′a(t)
dt < ∞.
Then there exists a translating soliton in N × R that is the graph of an entire
bounded solution u : N → R to the equation (1.1).
Remark 2.13. For instance the rotationally symmetric manifold (M, g), where
g = dr2 + sinh2(sinh r)dϑ2,
satisfies the assumptions above.
Proof. We will prove that the bounded function
v(x) = c1
∫ r(x)
0
fa(t)
(n− 1) f ′a(t)
dt
is a subsolution to (1.1) if the constant c1 is large enough. It follows from
the Laplace comparison
∆r(x) ≥ (n− 1) f
′
a
(
r(x)
)
fa
(
r(x)
)
that v is a subsolution to (1.1) if
v′′(t)
1+ v′(t)2
+
(n− 1) f ′a(t)v′(t)
fa(t)
− c ≥ 0
for t ≥ 0, where we have denoted v(x) =: v(r(x)). By a direct computation
we get
v′′
1+ v′2
+
(n− 1) f ′av′
fa
− c = c1
n− 1 ·
(
1− a2( fa/ f ′a)2
)
1+
( c1
n−1
)2 ( fa
f ′a
)2 + c1 − c.
By Lemma 2.6
1− a(t)2( fa(t)/ f ′a(t))2 = ( fa(t)/ f ′a(t))′ → 0
as t→ ∞. On the other hand, a(t)2( fa(t)/ f ′a(t))2 → 0 as t→ 0+, hence we
obtain that
c1
n− 1 ·
(
1− a2( fa/ f ′a)2
)
1+
( c1
n−1
)2 ( fa
f ′a
)2 + c1 − c ≥ 0
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if c1 is large enough. On the other hand, any constant function is a super-
solution. Thus the existence of an entire bounded solution follows as in
Theorem 2.10. 
2.3. Asymptotic Dirichlet problem. Under certain conditions on the func-
tions a and b in the curvature bounds (1.3) it is even possible to prescribe
the asymptotic behavior of an entire bounded solution. The soliton equation
(1.1) is a special case of the so-called f -minimal graph equation
div
∇u√
1+ |∇u|2 =
〈∇¯ f , ν〉 , (2.16)
where ∇¯ f is the gradient of a smooth function f : N×R→ Rwith respect
to the product Riemannian metric of N ×R and ν denotes the downward
unit normal to the graph of u, i.e.
ν =
∇u− ∂t√
1+ |∇u|2 ,
where ∂t denotes the standard coordinate vector field on R. Indeed, we
obtain (1.1) in the case f (x, t) = −ct.
Asymptotic Dirichlet problem for (2.16) was solved in [2] under assump-
tions on f and the radial curvature functions a and b that are not directly
applicable in the setting of the current paper. In [2] the authors applied the
assumptions and results from [10] to construct local barriers at the sphere
at infinity ∂∞N. These barriers consist of an angular part and of a radially
decaying part. The assumptions on a and b are needed to control effec-
tively first and second order derivatives of the barriers. We refer to [2] and
[10] for the definition of the sphere at infinity and other relevant notions
concerning the asymptotic Dirichlet problem.
Since we are looking for, first of all, bounded solutions, it is natural to
assume that fa/ f ′a is integrable; see (2.2) and Theorem 2.12. In the light of
[2, Lemma 4.3] we assume that
lim
t→∞
fa(t)t1+ε
f ′a(t)
= 0 (2.17)
for some ε > 0. Scrutinizing the reasoning in [10] we see that the assump-
tions on a and b can be weakened to the setting of the current paper. We
assume that the radial curvature functions a and b (≥ a) are increasing,
lim
t→∞
b′(t)
b(t)2
= 0 (2.18)
and that, for each k > 0, there exist positive and finite limits
lim
t→∞
b
(
t± kb(t)
)
b(t)
=: c±k (2.19)
and
lim
t→∞
fa
(
t− kb(t)
)
fa(t)
> 0. (2.20)
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Furthermore, we assume that there exists a constant κ > 0 such that
lim
t→∞
t1+κb(t)
f ′a(t)
= 0. (2.21)
The assumption (2.19) will be used instead of [10, Lemma 3.10] that was
one of the important tools in [10] to obtain bounds for first and second
order derivatives of the barriers. On the other hand, (2.20) replaces the
assumption [10, (A2)] in the proof of another important tool [10, Lemma
3.15]. Then we can construct barriers in suitable truncated cones as in [2,
Section 4.1] and apply [2, Lemma 4.3 and 4.7] in order to solve the following
asymptotic Dirichlet problem:
Theorem 2.14. Suppose that the radial curvature functions a and b satisfy the
assumptions (2.17)-(2.21). Then, for every continuous ϕ ∈ C(∂∞N), there exists
a unique solution u ∈ C2(N) ∩ C(N) to the asymptotic Dirichlet problemdiv
∇u√
1+ |∇u|2 =
c√
1+|∇u|2 in N
u|∂∞N = ϕ.
(2.22)
For instance, if fa(t) = sinh(sinh t) and
b(t)2 = 2 cosh(cosh t),
then the assumptions (2.17)-(2.21) hold. In this case we have radial curva-
ture bounds
−2 cosh ( cosh r(x)) ≤ K(Px) ≤ − cosh2 r(x)− sinh r(x) coth ( sinh r(x)).
2.4. Global barriers and applications to the construction of bowl soli-
tons. In this section, we are going to construct global barriers for our prob-
lem under certain assumptions on the Riemannian metric that are more
general than those in Subsection 2.1. To do so, we first focus on the asymp-
totics at infinity of solutions to the soliton equation (1.1). Our idea is to
make (implicit) assumptions on the metric in order to mimic the asymp-
totic behavior of radial solutions. In particular, we want to neglect all the
non-radial terms in the equation. We will see in the following that we are
able to construct suitable metrics with pinched sectional curvature. Thanks
to the knowledge of this asymptotic behavior, we are able to construct sub-
and supersolutions to our equation at infinity in such a way that the dif-
ference between them goes to zero. To extend these barriers to the whole
manifold, we only match these roughly using cut-off function with radial
sub- and supersolutions on compact sets.
We start with noticing that the Riemannian metric on N can be written
as
ds2 = dr2 + dϑ2,
where r is the distance to a fixed point o ∈ N and dϑ2 is the (induced)
Riemannian metric on the geodesic sphere S(r) := S(o, r). Then
∆u = urr + ur∆r + ∆S(r)u,
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where urr = ∂r(∂ru) and ∆S(r) is the Laplacian on the Riemannian subman-
ifold S(r). It follows that the soliton equation (1.1) is equivalent to
urr + ur∆r + ∆S(r)u− Hess u(∇u,∇u)1+ |∇u|2 = c. (2.23)
We write
M(u) = urr + ur∆r + ∆S(r)u− H(u)− c,
where
H(u) =
〈∇u,∇W2〉
2W2
=
Hess u(∇u,∇u)
1+ |∇u|2 , W =
√
1+ |∇u|2.
We also set
E(u) = urr + ∆S(r)u− H(u),
and
E˜(u) = urr + ∆S(r)u.
For the next proposition we define a sequence of functions vi : N → R
inductively by setting
v0(x) =
∫ r(x)
0
c dt
∆r
(
γ(t)
) , x ∈ N,
and
vi(x) =

− ∫ r(x)0 M
(
∑i−1j=0 vj
(
γ(t)
))
∆r
(
γ(t)
) dt, if M(∑i−1j=0 vj(γ(t)))
∆r
(
γ(t)
) /∈ L1(R)∫ ∞
r(x)
M
(
∑i−1j=0 vj
(
γ(t)
))
∆r
(
γ(t)
) dt, otherwise , i ≥ 1,
where γ is the unique unit speed geodesic joining o = γ(0) and x =
γ
(
r(x)
)
.
In what follows the notation f = oR(g) means that limR→∞ f /g = 0.
Proposition 2.15. Suppose that
(i)
E((1± ε)vi) = o
(
M
(
i−1
∑
j=0
vj
))
and
H
(
i−1
∑
j=0
vj + (1± ε)vi
)
− H
(
i−1
∑
j=0
vj
)
− H ((1± ε)vi) = o
(
M
(
i−1
∑
j=0
vj
))
for some ε > 0, and
(ii) there exists i0 ∈N such that
vi0(x)→ 0 as r(x)→ ∞,
and that
(iii) for some very large R1, E(vi0) has a constant sign on N \ B(o, R1).
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Then there exists R > 0 such that
M(u1) ≤ 0 ≤ M(u2) on N \ B(o, R),
where
uk =
i0−1
∑
j=0
vj +
(
1+ (−1)k−1ε)vi0 =: i0−1∑
j=0
vj + (1± ε)vi0 , k = 1, 2.
Moreover, letting
g = u1 − u2,
we have that |g(x)| → 0 as r(x)→ ∞. Furthermore, if for some ε > 0, there exist
radial functions F−, F+ such that
M(F−) ≥ ε, M(F+) ≤ −ε, and F′′−, F′′+ = oR(1) for r(x) ≥ R.
Then, there exist U1 and U2 such that
M(U1) ≤ 0 ≤ M(U2) on M,
and
U1(x)−U2(x)→ 0 as r(x)→ ∞.
Proof. We proceed by induction. Notice that, for any functions v and w, we
have
M(v + w) = ∆v + ∆w− H(v + w)− c
= M(v) + H(v) + ∆w− H(v + w)
= M(v) + E(w) + wr∆r−
(
H(v + w)− H(v)− H(w)).
Next we substitute v by ∑i−1j=0 vj and w by (1± ε)vi, for ε > 0. We get
M
(
i−1
∑
j=0
vj + (1± ε)vi
)
= E((1± ε)vi)± εM
(
i−1
∑
j=0
vj(s)
)
−
(
H
(
i−1
∑
j=0
vj + (1± ε)vi
)
− H
(
i−1
∑
j=0
vj
)
− H((1± ε)vi)
)
.
Since by assumption,
E((1± ε)vi) = o
(
M
(
i−1
∑
j=0
vj
))
= H
(
i−1
∑
j=0
vj + (1± ε)vi
)
− H
(
i−1
∑
j=0
vj
)
− H((1± ε)vi),
one can show that ∑i−1j=0 vj + (1± ε)vi is a sub- or supersolution depending
on the sign of M
(
∑i−1j=0 vj
)
. We stop as soon as vi(x)→ 0 as r(x)→ ∞.
Next we construct a global sub- and supersolutions. To do so, let χ(x) be
a radial function such that
χ(x) =
{
1, if r(x) ≤ A;
0, if r(x) ≥ B
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for some A, B to be determined later. We set U2 = χF− + (1 − χ)u2. If
B ≥ R, then it is easy to see that M(U2) ≥ 0 on B(o, A) ∪
(
N \ B(o, B)).
By assumption, we have that
(
E˜(u2)− H(u2)
)
(x) → 0 and F′′−(x) → 0 as
r(x)→ ∞. So, for r(x) ≥ A, we have
M(U2) =
(U2)rr
1+ |∇U2|2 + (U2)r∆r− c + oA(1).
Next, we choose B such that
(U2)r = χ′(F− − u2) + χF′− + (1− χ)(u2)r
= χF′− + (1− χ)(u2)r + oR(1/∆r)
and
(U2)rr = χ′′(F− − u2) + 2χ′(F′− − (u2)r) + χF′′− + (1− χ)(u2)rr
= χF′′− + (1− χ)(u2)rr + oR(1/∆r).
Thanks to this choice, we get
M(U2) =
χF′′− + (1− χ)(u2)rr + oR(1/∆r)
1+ |∇U2|2
+
(
χF′− + (1− χ)(u2)r
)
∆r− c + oR(1).
By assumptions, we have
χF′′− + (1− χ)(u2)rr + oR(1/∆r)
1+ |∇U2|2 = oR(1),
and
(u2)r∆r− c = oR(1).
Since M(F−) = F′−∆r− c + oR(1) ≥ ε, we conclude that
M(U2) = χ(F′− − (u2)r)∆r + oR(1) ≥ ε/2.
We proceed in the same way to prove that U1 = χF++ (1− χ)u1 is a global
supersolution. 
Theorem 2.16. Let (N, g) be a Cartan-Hadamard manifold whose Riemannian
metric g admits functions vi, i ≥ 0, F−, and F+ satisfying the assumptions in
Proposition 2.15. Then there exists a global bowl soliton on (N, g).
Proof. Let U1 be an entire supersolution and U2 an entire subsolution, with
U1(x)−U2(x) → 0 as r(x) → ∞, provided by Proposition 2.15. It follows
from the comparison principle that U1(x) ≥ U2(x) for every x ∈ N. Indeed,
if U1(y0) < U2(y0) for some y0 ∈ N, let D be the y0-component of the set
{x ∈ N : U1(x) < U2(x)− δ/2}, with δ = U2(y0)−U1(y0) > 0. Then D is
an open relatively compact subset of N and U1(x) = U2(x)− δ/2 on ∂D.
Hence U1(x) = U2(x)− δ/2 in D by the comparison principle leading to a
contradiction. Now the sets
Ωj = {x ∈ N : U1(x) > U2(x) + 1/j},
for all sufficiently large j, exhaust N. We can use U1 and U2 + 1/j as upper
and lower barriers inΩj in a similar fashion than ub and ua in Theorem 2.10
to obtain a global solution. 
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Next, we use the previous results to prove the existence of bowl solitons
on two manifolds with pinched sectional curvatures. The sectional curva-
tures of the first one are pinched between two arbitrary negative constants
(which are attained for some planes) while the sectional curvatures of the
second one go quadratically to 0 at infinity and take the values α2/r2 and
β2/r2, β > α > 4
√
5, for some planes.
Corollary 2.17. Let (N2, g) be a 2-dimensional Cartan-Hadamard manifold with
the Riemannian metric g = dr2 + h(r, θ)2dθ2, where
h(r, θ) =
1
a cos2 θ + b sin2 θ
sinh(ar cos2 θ + br sin2 θ).
Then the assumptions of Proposition 2.15 are satisfied. In particular, there exists a
bowl soliton on (N2, g).
Proof. In this metric, noticing that ∆r = hr/h, our equation rewrites as
M(u) + c = urr + ur
hr
h
+
uθθ
h2
−
(ur)2urr + h−2uruθurθ − u2θurhrh−3 + h−2ururθuθ + u2θuθθh−4 − u3θhθh−3
1+ (ur)2 + h−2u2θ
.
In this metric, v0 is given by
v0(x) = c
∫ r
0
h(γ(t))
hr(γ(t))
dt.
From this expression, we observe that v0(x) ≤ Cr(x),
(v0)r(x) = c
h(x)
hr(x)
=
c tanh(ar cos2 θ + br sin2 θ)
a cos2 θ + b sin2 θ
≤ C,
and
(v0)rr(x) = c/h2r (x) =
c
cosh2(ar cos2 θ + br sin2 θ)
≤ c(max{e−ar, e−br})c˜,
for some c˜ > 0. Concerning the spherical derivatives, very rough estimates
show that
|(v0)θ(x)|, |(v0)θθ(x)|, |(v0)rθ(x)| ≤ Cr(x).
Using the previous estimates and the fact that h decays exponentially, we
deduce that there exists a constant c˜ such that∣∣∣∣∣urr + uθθh2 − (ur)2urr + h−2uruθurθ + h−2ururθuθ + u2θuθθh−41+ (ur)2 + h−2u2θ
∣∣∣∣∣
≤ (max{e−ar, e−br})c˜.
Noticing that |hrh−3|, |hθh−3| ≤ h−2, we also have
|u2θurhrh−3|, |u3θhθh−3| ≤ (max{e−ar, e−br})c˜.
Finally, since urhr/h = c, we obtain that
|M(v0)| ≤ (max{e−ar, e−br})c˜.
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This proves that (i) of Proposition 2.15 holds for i = 0. Thanks to this
estimate, we get that
|v1(x)| =
∣∣∣∣∫ ∞r(x) M(v0(γ(t)) h(γ(t))hr(γ(t))dt
∣∣∣∣
≤ C
∫ ∞
r(x)
(
max{e−aγ(t), e−bγ(t)})c˜dt.
Therefore, v1(x) → 0 as r(x) → ∞ which is (ii) of Proposition 2.15. Finally,
notice that v1 and none of the terms of E(v1) oscillates at infinity so clearly
E(v1(x)) has a sign provided that r(x) is large enough. Thus (iii) of Propo-
sition 2.15 holds. To conclude the proof, we are left with the existence of
F±. Recall from de Lira and Martin [5], that if P is a rotationally symmetric
manifold with constant sectional curvature, there exists a radially symmet-
ric function wP such that M(wP) = 0, for any cP ∈ R and (wP)rr(x) goes to
0 when r(x) goes to infinity. Since the sectional curvatures of our manifold
are pinched between −a2 and −b2, F± can be obtained by taking wP for
some appropriate manifolds P and some constant cP by standard compari-
son theorems. This proves the corollary. 
Corollary 2.18. Let (N2, g) be a 2-dimensional Cartan-Hadamard manifold with
the Riemannian metric g = dr2 + h(r, θ)2dθ2, where
h(r, θ) = cos2 θ fa(r) + sin2 θ fb(r),
where f ′′b (r) =
β2
r2 fb(r), f
′′
a (r) =
α2
r2 fa(r), with β > α > 4
√
5. Then the assump-
tions of the previous proposition are satisfied. In particular, there exists a bowl
soliton on (N2, g).
Proof. To simplify notation, we take c = 1. In this case, it is easy to see that
|v0(x)|, |(v0)θ(x)|, |(v0)θθ(x)| ≤ Cr(x)2, |(v0)r(x)|, |(v0)rθ(x)| ≤ Cr(x) and
|(v0)rr(x)| ≤ C. We have
M(v0) =
(v0)rr
1+ (v0)2r + h−2(v0)2θ
+
(v0)θθ
h2
− h
−2(v0)r(v0)θ(v0)rθ − (v0)2θ(v0)rhrh−3 + h−2(v0)r(v0)rθ(v0)θ
1+ ((v0)r)2 + h−2(v0)2θ
+
(v0)2θ(v0)θθh
−4 − (v0)3θhθh−3
1+ ((v0)r)2 + h−2(v0)2θ
.
Since
fa(r) ≈ r 1+
√
1+α2
2
when r is large enough and α, β > 4
√
5, we get that
r5
h
= o(1). (2.24)
This implies in particular that
h−2(v0)2θ = o((v0)
2
r ),
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where we used that (v0)r(x) ≈ r(x) when r is large enough. Next, we claim
that
M(v0)(x) ≈ (v0)rr1+ (v0)2r + h−2(v0)2θ
≈ (v0)rr
(v0)2r
≈ r−2(x),
where we used that (v0)rr(x) ≈ 1. Indeed, thanks to (2.24), we see that
(v0)θθ
h2
= o(r−2).
Since
|(v0)r(v0)θ(v0)rθ |, |(v0)r(v0)rθ(v0)θ | ≤ r4,
|(v0)2θ(v0)r| ≤ r5,
|(v0)2θ(v0)θθ |, |(v0)3θhθh−1| ≤ r6,
and |hr/h| ≤ 1/r and |hθ/h| ≤ C, using once more (2.24), we deduce that
B(v0) = h−2(v0)r(v0)θ(v0)rθ − (v0)2θ(v0)rhrh−3
+ h−2(v0)r(v0)rθ(v0)θ + (v0)2θ(v0)θθh
−4 − (v0)3θhθh−3
= o(1).
This proves the claim that
M(v0)(x) ≈ (v0)rr
(v0)2r
≈ r−2(x).
So, we can write v1 as
v1(x) = −
∫ r
0
(
M(v0)h
hr
) (
γ(t)
)
dt ≈ −
∫ r
0
(
(
h
hr
)r
hr
h
) (
γ(t)
)
dt.
So we see that
|v1(x)|, |(v1)θ(x)|, |(v1)θθ(x)| ≤ C log r(x),
|(v1)r(x)|, |(v1)rθ(x)| ≤ C
and |(v1)rr(x)| ≤ Cr−1(x). Now, a direct computation gives that (compare
with (2.10))
M(v0 + v1) =
[3(n− 1)
c3
((
h
h′
)′)2
− (n− 1)
2
c3
(
h
h′
)′
− n− 1
c3
(
h
h′
)(
h
h′
)′′] (h′
h
)4
+ o(r−4) + ∆S(r)(v0 + v1)− B(v0 + v1)1+ |∇(v0 + v1)|2 .
Using (2.24), one can check as previously that
|∆S(r)(v0 + v1)|+ | B(v0 + v1)1+ |∇(v0 + v1)|2 | = o(r
−4).
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We deduce from this that
v2(x) ≈
∫ ∞
r
[3(n− 1)
c3
((
h
h′
)′)2
− (n− 1)
2
c3
(
h
h′
)′
− n− 1
c3
(
h
h′
)(
h
h′
)′′] (h′
h
)3
dt.
By construction, we have that (i) of Proposition 2.15 holds true. Observe
that v2(x) → 0 as r(x) → ∞ therefore (ii) of Proposition 2.15 holds true
for i˜ = 2. As in the previous corollary, none of the terms of E(v2) oscillate
so it has a sign at infinity i.e. (iii) holds. To prove the existence of F±, we
proceed as in the previous corollary. Let us point out that the condition
F′′± → 0 of Proposition 2.15 can be replaced by F′′±/
(
1+ |∇U2|2
)→ 0 which
is satisfied in our current situation since |∇U2| → ∞. 
3. TRANSLATORS WITH PRESCRIBED CONTACT ANGLE
In this section we study the existence of solutions to the soliton equation
with prescribed contact angle on the boundary. We assume that N is a
Riemannian manifold and Ω ⊂ N is a relatively compact domain with C∞
smooth boundary ∂Ω and that φ ∈ C∞(∂Ω) is a smooth function satisfying
|φ| ≤ φ0 < 1. We are searching for a solution u ∈ C∞(Ω¯) to a soliton
equation with a boundary condition
div
∇u√
1+ |∇u|2 =
C√
1+ |∇u|2 in Ω,
∂γu√
1+ |∇u|2 :=
〈∇u,γ〉√
1+ |∇u|2 = φ on ∂Ω,
(3.1)
where γ is the inward pointing unit normal to ∂Ω. Note that the boundary
condition above can be interpreted as
〈ν,γ〉 = φ,
where ν is the downward pointing unit normal to the graph of u, i.e.
ν(x) =
∇u(x)− ∂t√
1+ |∇u(x)|2 , x ∈ Ω¯.
We will prove that, given a function φ as above, there exists a constant
C = C(φ,Ω) such that (3.1) has a solution. Integration by parts shows that
C is given by
C =
− ∫∂Ω φdσ∫
Ω (1+ |∇u|2)−1/2 dx
. (3.2)
Our method follows the familiar steps e.g. from [1] involving a priori gra-
dient estimates, independent of ε, for a family of equationsdiv
∇u√
1+ |∇u|2 −
εu√
1+ |∇u|2 = 0 in Ω,
〈ν,γ〉 = φ on ∂Ω,
(3.3)
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with small enough ε > 0. However, we do not assume that the Ricci cur-
vature of Ω is nonnegative nor that the boundary of Ω is convex; cf. [17,
Remark 5.6].
We start with the following generalization of gradient estimates obtained
in [7] and [17]. In order to obtain the global estimate, we need to introduce
an auxiliary function f in the proof of the local estimate of Proposition 3.1,
and this is the key difference with earlier results in this direction. A simi-
lar idea will be used in our forthcoming paper on the mean curvature flow
with prescribed contact angle. Let d be a smooth bounded function defined
in some neighborhood of Ω¯ such that d(x) = miny∈∂Ω dist(x, y), the dis-
tance to the boundary ∂Ω, for points x ∈ Ω sufficiently close to ∂Ω. Thus
γ = ∇d on ∂Ω. We assume that 0 ≤ d ≤ 1, |∇d| ≤ 1 and |Hess d| ≤ Cd in
Ω¯. We also assume that φ is extended as a smooth function to the whole Ω¯,
satisfying the condition |φ| ≤ φ0 < 1.
Proposition 3.1. Let u be a smooth solution of the translating soliton equation
(1.1) in a relatively compact domain Ω ⊂ N with smooth boundary and assume
u satisfies 〈ν,γ〉 = φ on ∂Ω, where φ is a smooth function on ∂Ω satisfying
|φ| ≤ φ0 < 1. Suppose, furthermore, that f is a smooth function in Ω such
that |u− f |, |∇ f |, |Hess f | ≤ C f for some constant C f , Then W ≤ C0 with a
constant C0 depending only on c, C f , Cd, φ, the lower bound of the Ricci curvature
in Ω, and the dimension of N.
Writing the Riemannian metric on N in local coordinates as g = gijdxidxj
we can express the soliton equation (1.1) in non-divergence form as
1
W
(
gij − u
iuj
W2
)
ui;j =
c
W
, (3.4)
where (gij) stands for the inverse matrix of (gij), ui = gijuj, with uj =
∂u/∂xj, and ui;j = uij − Γkijuk denotes the second order covariant derivative
of u. We abbreviate
aij = gij − u
iuj
W2
and define an operator L by Lu = aijui;j. Thus (3.4) is equivalent to Lu = c.
Proof of Proposition 3.1. Following the ideas of Korevaar [11], Guan [7] and
Zhou [17], we define a function η by setting
η = eK(u− f ) (Sd + 1− φ 〈ν,∇d〉)
= eK(u− f )
(
Sd + 1− φ
W
〈∇u,∇d〉
)
,
where K and S are positive constants that are determined later. In partic-
ular, as in [17], the constant K will depend on the Ricci curvature in Ω.
Notice that
0 < e−KC f (1− φ0) ≤ η ≤ eKC f (S + 2) (3.5)
and therefore it is enough to find an upper bound for ηW.
First we assume that ηW attains its maximum at a point x0 ∈ ∂Ω. We
choose normal coordinates at x0 such that gij = gij = δij at x0, ∂n = γ,
u1 ≥ 0, ui = 0 for 2 ≤ i ≤ n− 1.
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Note that with this choice we also have
di = 0 for 1 ≤ i ≤ n− 1, dn = 1, and di;n = 0 for 1 ≤ i ≤ n,
and by the boundary condition
φ =
1
W
gijuidj =
undn
W
=
un
W
. (3.6)
Computing at the local maximum point x0, where d = 0, we obtain
0 ≥ (Wη)n (3.7)
= eK(u− f )
(
Wn + SW − φnun − φun;n + KW(un − fn)(1− φ2)
)
.
By (3.6), at x0, we have
Wn =
1
2W
(gijui;nuj + gijuiuj;n) =
δijuiuj;n
W
=
u1u1;n + unun;n
W
=
u1u1;n
W
+ φun;n (3.8)
and, on the other hand,
gijuidj = Wφ
so differentiating on both sides gives
gijui;1dj + gijuidj;1 = un;1 + u1d1;1 = W1φ+Wφ1. (3.9)
On the boundary ∂Ω we have η = eK(u− f )(1− φ2) and therefore
η1 = eK(u− f )
(
K(1− φ2)(u1 − f1)− 2φφ1
)
.
Combining this with the fact that, at x0, Wη1 + ηW1 = 0 we obtain
W1 = −Wη1
η
= −KW(u1 − f1) + 2Wφφ11− φ2 . (3.10)
Moreover, using (3.6) we see that
W2(1− φ2)− 1 = W2 − u2n − 1 = u21. (3.11)
Dividing (3.7) by WeK(u− f ), using (3.8), (3.9), (3.10), the assumptions on f ,
(3.6), (3.11) and noting that |∇u/W| ≤ 1 we find
0 ≥ Wn
W
+ S− φnun
W
− φun;n
W
+ K(un − fn)(1− φ2)
= S− u
2
1d1;1
W2
+
u1φ1
W
(
1+
2φ2
1− φ2
)
− φu1
W
K(u1 − f1)
− φnun
W
+ K(un − fn)(1− φ2)
≥ S− C− Kφu
2
1
W
+ Kun(1− φ2)
= S− C + Kφ
W
≥ S− C− K
W
,
where C is nonnegative constant depending only on Cd, C f , and φ. Now
choosing S ≥ C + 1 implies that
W(x0) ≤ K. (3.12)
TRANSLATING SOLITONS OVER CARTAN-HADAMARD MANIFOLDS 29
Next we assume that the maximum point of ηW is inside the domain, i.e.
x0 ∈ Ω, and that the constant S in the definition of η is chosen so that the
first part of the estimate holds. We also choose normal coordinates at x0 so
that for every i we have |ui(x0)| = |∇u(x0)|/
√
n. To get these coordinates,
let e1, . . . , en be an orthonormal basis for Tx0 N, v = e1 + . . . + en, and T an
orthogonal map such that Tv is parallel to∇u. Then Te1, . . . , Ten will be the
desired coordinate vectors.
To begin, recall that if u is a solution to the soliton equation, we have
Lu = aijui;j = c, (3.13)
and hence Dk(aijui;j) = 0, which implies
aijui;jk = −(aij)kui;j (3.14)
Now using the Ricci identity
aijuk;ij
W
=
aijui;jk
W
+ R˜ic(∂k, νN), (3.15)
where νN = ∇u/W, we can first compute LW as
LW = aijDjDiW = aijDj
ukuk;i
W
= aij
W(uk;juk;i + u
kuk;ij)− ukuk;iWj
W2
= aij
uk;juk;i + u
kuk;ij
W
− aij u
kuk;iu`u`;j
W3
=
aijui;jkuk
W
+ ukR˜ic(∂k, νN) + aij
uk;juk;i
W
− aij u
kuk;iu`u`;j
W3
=
aijui;jkuk
W
+ ukR˜ic(∂k, νN) +
1
W
aij
(
gk`u`;juk;i − u
ku`
W2
uk;iu`;j
)
=
aijui;jkuk
W
+ R˜ic(νN , νN)W + |A|2W.
Taking (3.14) into account, we see that
aijui;jkuk
W
=
−(aij)kukui;j
W
= 2
ui;ku
jukui;j
W3
− 2u
iuju`u`;kukui;j
W5
=
2
W3
(
ukujgi` − u
iu`
W2
ujuk
)
ui;ju`;k
=
2
W3
ai`ujui;juku`;k =
2
W
ai`WiW`
and therefore we have the following identity
LW =
2
W
aijWiWj + R˜ic(νN , νN)W + |A|2W. (3.16)
At the maximum point x0
0 = Wiη +Wηi
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for every i = 1, . . . , n so by (3.16) we have
0 ≥ L(Wη) = WLη + η
(
LW − 2aij WiWj
W
)
= WLη + ηW
(
|A|2 + R˜ic(νN , νN)
)
and, dividing by ηW, this yields the estimate
1
η
Lη + |A|2 + R˜ic(νN , νN) ≤ 0. (3.17)
To simplify the notation, we write η as η = eK(u− f )h, where
h = Sd + 1− 〈φν,∇d〉 = Sd + 1− φνkdk = Sd + 1− φukdk/W.
With this we see that
1
η
Lη = K2aij(u− f )i(u− f )j + Kaij(u− f )i;j + Kh a
ij(u− f )ihj
+
K
h
aij(u− f )jhi + 1h a
ijhi;j
= K2aij(u− f )i(u− f )j + KL(u− f ) + 2Kh a
ij(u− f )ihj + 1h Lh.
(3.18)
For the derivatives of the function h, we have
hi = Sdi − (φdk)iνk − φdkνki
and
hi;j = Sdi;j − (φdk)i;jνk − (φdk)iνkj − (φdk)jνki − φdkνki;j,
so we can compute Lh as
Lh = aij
(
Sdi;j − (φdk)i;jνk − (φdk)iνkj − (φdk)jνki − φdkνki;j
)
≥ −C− 2aij(φdk)iνkj − φdkLνk. (3.19)
We break the computation into parts and compute next Lνk, obtaining
Lνk = aijDjDi
uk
W
= aijDj
ak`u`;i
W
= aij
(
(ak`)ju`;i + ak`u`;ij
W
− a
k`u`;iunun;j
W3
)
=
aij(ak`)ju`;i
W
+
ak`aijui;j`
W
+ R˜ic(ak`∂`, νN)−
aijak`u`;iunun;j
W3
. (3.20)
First we note that, using (3.14), the second term in (3.20) can be written as
ak`aijui;j`
W
=
ak`(−aij)`ui;j
W
= ak`ui;j
(
2ui;`u
j
W3
− 2u
iujunun;`
W5
)
= ak`ui;j
(
2ginun;`uj
W3
− 2u
iuj
W5
unun;`
)
=
2
W3
ak`ainun;`ujui;j =
2
W
aijνkiWj,
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which is twice the last term in (3.20) but with opposite sign. Then we turn
to the first term in (3.20), and obtain
aij(ak`)ju`;i
W
=
aiju`;i
W
(
−Dj u
ku`
W2
)
= aiju`;i
(
−
uk;ju
`
W3
−
uku`;j
W3
+
2uku`unun;j
W5
)
= aiju`;i
(
−
uk;ju
`
W3
+
uku`unun;j
W5
)
+ aiju`;i
(
−
uku`;j
W3
+
uku`unun;j
W5
)
=
aiju`;i
W3
(
−gnkun;ju` +
ukunu`un;j
W2
)
+
aiju`;i
W3
(
−gn`un;juk +
uku`unun;j
W2
)
= − 1
W3
aijanku`u`;iun;j − 1W3 a
ija`nukun;ju`;i
= − 1
W3
aijanku`u`;iun;j − |A|2νk,
where the first term is the same as the last term in (3.20). Therefore we have
Lνk = R˜ic(ak`∂`, νN)− |A|2νk. (3.21)
We also note that, considering aijak`(φdk)iu`;j · aijak`(φdk)iui;k and using the
Young’s inequality for matrices, we have the estimate
aij(φdk)iνkj =
1
W
(φdk)iaija`ku`;j ≤ ε|A|
2
2
+ C, (3.22)
where C does not depend on u but depends on ε. However this is fine as
can be seen from the choice of ε later. Now substituting (3.21) and (3.22)
into (3.19), we get the estimate
Lh ≥ −C− ε|A|2 + φdkνk|A|2 − φdkR˜ic(ak`∂`, νN). (3.23)
Then we turn our attention to the other terms in (3.18). Since
aijui =
uj
W2
and aijuiuj =
|∇u|2
W2
= 1− 1
W2
,
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we have
aij(u− f )i(u− f )j = aijuiuj − aijui f j − aijuj fi + aij fi f j
= 1− 1
W2
− u
j f j
W2
− u
i fi
W2
+ aij fi f j
= 1− 1
W2
− u
j f j
W2
− u
i fi
W2
+ |∇ f |2 − 〈∇u,∇ f 〉
2
W2
≥ 1− 1
W2
− u
j f j
W2
− u
i fi
W2
≥ 1− 1
W2
− C
W
. (3.24)
Then we note that by the assumptions, we clearly have
KL(u− f ) ≥ −KC, (3.25)
and we are left to consider
2K
h
aij(u− f )ihj.
To do so, we first note that we can assume that |∇u(x0)| ≥ 1, since other-
wise we are done, and therefore by the choice of the coordinates we have
|ui| ≥ 1/
√
n. Thus we obtain
aij(u− f )ihj = aijui
(
1− fi
ui
)
hj ≥ −Caijuihj. (3.26)
Finally we compute
aijuihj =
ujhj
W2
=
uj(Sdj − (φdk)jνk − φdkνkj)
W2
≥ −C−
φdkujνkj
W2
= −C− φdku
j
W2
· a
`ku`;j
W
= −C− φdk
W2
νju`;ja`k = −C− φdkW2 a
`kW`
= −C− φdk
W
a`k
(
−η`
η
)
= −C− φdk
W
a`k
(
K(u− f )` + h`h
)
= −C + Kφa
`kdku`
W
− Kφa
`kdk f`
W
+
φ
hW
a`kdkh`. (3.27)
Then we note that the second term in (3.27) can be estimated as
Kφa`kdku`
W
=
Kφukdk
W3
≥ −Kφ|∇u||∇d|
W3
≥ − K
W2
(3.28)
and the third term as
−Kφa
`kdk f`
W
≥ −CK
W
. (3.29)
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For the last term we have
φ
hW
a`kdkh` =
φ
hW
a`kdk
(
Sd` − (φdn)`νn − φdnνn`
)
=
Sφa`kdkd`
hW
− φa
`kdk(φdn)`νn
hW
− φ
2a`kdkdnνn`
hW
≥ −C− φ
2a`kdkdnνn`
hW
= −C− φ
2a`kdkdnanmum;`
hW2
≥ −C− CK
εW2
− ε|A|
2
K
. (3.30)
Then plugging (3.28), (3.29) and (3.30) into (3.27), we have
aijuihj ≥ −C− KW2 −
CK
W
− CK
εW2
− ε|A|
2
K
. (3.31)
Plugging the estimates (3.23), (3.24), (3.25), (3.26), (3.31) into (3.18) and
using (3.17) with the Ricci lower bound
0 ≥ K2
(
1− 1
W2
− C
W
)
− KC− 2K
h
(
C +
CK
W2
+
CK
W
+
CK
εW2
+
Cε|A|2
K
)
− 1
h
(
C + ε|A|2 − φdkνk|A|2 + φdkR˜ic(ak`∂`, νN)
)
+ |A|2 + R˜ic(νN , νN)
= K2
(
1− 1
W2
− C
W
− 2C
hW2
− 2C
hW
− 2C
εhW2
)
− K
(
C +
2C
h
)
− 2Cε|A|
2
h
− ε|A|
2 − φdkνk|A|2
h
− 1
h
(
C + φdkR˜ic(ak`∂`, νN)
)
+ |A|2 + R˜ic(νN , νN).
Then collecting the terms including |A|2 and choosing ε so small that
1− 2Cε
h
− ε
h
+
φdkνk
h
=
Sd + 1− (2C + 1)ε
h
≥ 0
we have
0 ≥ K2
(
1− 1
W2
− C
W
− 2C
hW2
− 2C
hW
− 2C
εhW2
)
− K
(
C +
2C
h
)
− 1
h
(
C + φdkR˜ic(ak`∂`, νN)
)
+ R˜ic(νN , νN),
and taking into account the Ricci lower bound we finally arrive at
0 ≥ K2
(
1− 1
W2
− C
W
− 2C
hW2
− 2C
hW
− 2C
εhW2
)
− K
(
C +
2C
h
)
− C.
Now choosing K large enough, we obtain W(x0) ≤ C1, where C1 depends
only on c, C f , Cd, φ, the lower bound of the Ricci curvature in Ω, and the
dimension of N. As
W(x) ≤W(x0)η(x0)
η(x)
≤ C1 η(x0)
η(x)
,
we have the desired upper bound for W by (3.5). This together with (3.12)
proves the claim 
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Suppose that N is a Cartan-Hadamard manifold. Fix o ∈ N and let
φ : N \ {o} → R be a smooth radial function with respect to the pole o, i.e.
φ((r, ϑ)) = φ(ϑ) for ϑ ∈ Sn−1 ⊂ To N and all r > 0. Moreover, assume that
|φ| < φ0 < 1. Let uk be a sequence of solutions on geodesic balls B(o, k),
with increasing radii k ∈ N, k → ∞, satisfying 〈νk,γk〉 = φ on ∂B(o, k),
where νk is the downward pointing unit normal to the graph of uk and γk
is the inward pointing unit normal to ∂B(o, k). Suppose, furthermore, that
there exists a function f : N → R satisfying
|uk(x)− f (x)| ≤ C f in B(o, k)
and |∇ f |, |Hess f | ≤ C f for some positive constant C f independent of k.
Then we have a uniform bound for the gradients of the solutions uk
|∇uk| ≤ C
for all k. Furthermore, the sequence (uk) is locally uniformly bounded by
| f |+C f , and hence there exists a subsequence converging locally uniformly
with respect to C2-norm to an entire solution u whose gradient is also uni-
formly bounded.
3.1. Capillary type problem. Let Ω ⊂ N be a relatively compact domain
in a Riemannian manifold N with smooth boundary ∂Ω. Next we consider
solutions to the equation
Q(u) := div
∇u√
1+ |∇u|2 −
εu√
1+ |∇u|2 = 0 in Ω
∂γu√
1+ |∇u|2 = φ on ∂Ω,
(3.32)
where ε ∈ (0, ε0] and φ is a smooth function on ∂Ω as in (3.1). We start with
the following comparison principle. For that purpose, let us denote
φu :=
∂γu√
1+ |∇u|2
and assume that φu is a smooth function on ∂Ω such that |φu| ≤ φ0 < 1.
Lemma 3.2. Let ε ∈ (0, ε0] and suppose that u and v are smooth functions in
Ω¯ such that Q(u) ≥ Q(v) in Ω and φv ≤ φu on ∂Ω. Then u ≤ v in Ω¯. In
particular, given φ, the solution to (3.32) (if exists) is unique.
Proof. Assume on the contrary that there exists x0 ∈ Ω¯ such that w := u− v
has a positive maximum. We first assume that x0 is an interior point. In this
case, we can rewrite the inequality Q(u)−Q(v) ≥ 0 equivalently for w as
L(w) := a˜ijwij + b˜iwi − εw ≥ 0 (3.33)
in Ω, where a˜ij is a smooth positive definite matrix depending on u and b˜i
are smooth functions depending on u and v; see e.g. [6], [17, Appendix C].
Since x0 is a (positive) maximum point, we see that
a˜ijwij + b˜iwi − εw < 0
at x0 which contradicts our assumption that L(w) ≥ 0. So w cannot have
an interior maximum point.
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We assume now that w has a positive maximum at x0 ∈ ∂Ω. If {Ti}, i =
1, . . . , n− 1, is an orthonormal basis of Tx0∂Ω, we have ∂Ti w(x0) = 0. Hence
a2 :=
n−1
∑
i=1
(∂Ti u(x0))
2 =
n−1
∑
i=1
(∂Ti v(x0))
2 . (3.34)
Furthermore, ∂γw(x0) ≤ 0, so
∂γu(x0) ≤ ∂γv(x0). (3.35)
By the assumption,
∂γv(x0)√
1+ |∇v(x0)|2
≤ ∂γu(x0)√
1+ |∇u(x0)|2
,
and therefore the monotonicity of the function
x → x√
1+ a2 + x2
,
implies that ∂γv(x0) ≤ ∂νu(x0). This together with (3.35) implies that
∂γw(x0) = 0. Thus, by Hopf’s lemma, w is a (positive) constant subso-
lution of (3.33) that is a contradiction. 
By a similar argument we can show that a solution u to (3.32) satisfies
|εu| ≤ c with a constant c that is independent ofΩ and ε ∈ (0, ε0], cf. [1, pp.
107-108]. Indeed, let A be a constant such that
A√
1+ A2
> max
x∈∂Ω
φ(x)
and define ψ = Ad, where d is as in the proof of Proposition 3.1, i.e. d equals
to the distance to the boundary ∂Ω near the boundary and is a smooth
bounded function in the whole Ω¯. Let x0 ∈ Ω¯ be a point where u−ψ attains
its minimum. If x0 ∈ ∂Ω, then ∂Ti u(x0) = ∂Tiψ(x0) = 0 and ∂γu(x0) ≥
∂γψ(x0) = A. As above, we obtain
−φ(x0) = −∂γu(x0)√
1+ a2 + |∂γu(x0)|2
≤ −A√
1+ A2
which is a contradiction. Thus x0 ∈ Ω, and so ∇u(x0) = ∇ψ(x0) and
Hess u(x0) ≥ Hessψ(xo). Hence there exists a constant c = c(ψ) such that
εu(x0) =
√
1+ |∇u(x0)|2
(
gij − u
iuj
1+ |∇u(x0)|2
)
ui;j(x0)
=
√
1+ |∇ψ(x0)|2
(
gij − ψ
iψj
1+ |∇ψ(x0)|2
)
ui;j(x0)
≥
√
1+ |∇ψ(x0)|2
(
gij − ψ
iψj
1+ |∇ψ(x0)|2
)
ψi;j(x0) = c,
and therefore
εu ≥ c + ε(ψ− ψ(x0)).
Similar argument shows that εu is uniformly bounded from above, so
|εu| ≤ c, (3.36)
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where c is independent of ε ∈ (0, ε0]. Now we can obtain a uniform a priori
gradient estimate for solutions of (3.32).
Lemma 3.3. Let u be a solution to the equation (3.32). Then there exists a constant
C, independent of ε ∈ (0, ε0] so that
sup
x∈Ω¯
|∇u(x)| ≤ C. (3.37)
The proof of the gradient estimate in Proposition 3.1 applies almost di-
rectly to this case. We just comment the few steps that need to be modified.
Notice that we can choose f ≡ 0 since |εu| ≤ c.
Proof. The case x0 ∈ ∂Ω of the proof of Proposition 3.1 applies as it is. In
the case x0 ∈ Ω we have following modifications. First, as Lu = aijui;j = εu
and Dk(aijui;j) = εuk, instead of (3.14) we obtain
aijui;jk = −(aijk )ui;j + εuk. (3.38)
This changes the identity (3.16) to
LW =
2
W
aijWiwj + R˜ic(νN , νm)W + |A|2W + ε|∇u|
2
W
(3.39)
and thus (3.17) becomes
1
η
Lη + |A|2 + R˜ic(νN , νN) + ε|∇u|
2
W2
≤ 0. (3.40)
Instead of (3.25), we can estimate
KLu = K(εu) ≥ −Kc (3.41)
since |εu| < c is uniformly bounded.
Finally we plug the estimates (3.23), (3.24), (3.41), (3.26) and (3.31) into
(3.18) and use (3.40) with the Ricci lower bound to obtain a similar qua-
dratic inequality for K as in the end of the proof of Proposition 3.1. Again,
choosing K large enough we obtain W(x0) ≤ C. 
We have obtained uniform a priori height (3.36) and gradient estimates
(3.37) for solutions of (3.32). Thus applying the method of continuity (Leray-
Schauder method) we get the following existence and uniqueness result.
Theorem 3.4. Let Ω ⊂ N be a relatively compact domain with smooth boundary
∂Ω. Suppose that φ ∈ C∞(∂Ω) is a smooth function such that |φ| ≤ φ0 < 1.
Given ε > 0 there exists a unique solution u ∈ C2,α(Ω¯) to (3.32).
Let us denote by uε the unique solution to (3.32) with given φ and ε. Since
|∇uε| ≤ C independent of ε by (3.37), we notice that |∇(εuε)| tends to 0 as
ε → 0. Hence εuε converges to a constant as ε → 0. Let x0 be a point of
Ω. Then the family uε − uε(x0) is uniformly bounded in Ω¯ since |∇uε| ≤
C independent of ε. Consequently, uε − uε(x0) converges uniformly to a
smooth solution to (3.1). As in [1, p. 108] we obtain the following result.
Theorem 3.5. Let Ω ⊂ N be a relatively compact domain with smooth boundary
∂Ω. Suppose that φ ∈ C∞(∂Ω) is a smooth function such that |φ| ≤ φ0 < 1.
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Then there exist a unique constant C = C(Ω, φ) and a unique solution u ∈
C2,α(Ω¯) (up to an additive constant) to
div
∇u√
1+ |∇u|2 =
C√
1+ |∇u|2 in Ω,
∂γu√
1+ |∇u|2 = φ on ∂Ω.
(3.42)
Moreover, the constant C = C(Ω, φ) satisfies
C =
− ∫∂Ω φdσ∫
Ω (1+ |∇u|2)−1/2 dx
.
Suppose then that N is a Cartan-Hadamard manifold with sectional cur-
vatures bounded from above by a negative constant KN ≤ −A2 < 0. A
simple application of the Laplace comparison and the co-area formula im-
ply that
Area
(
∂B(o, R)
)
Vol
(
B(o, R)
) ≥ (n− 1)A (3.43)
for every geodesic ball B(o, R) ⊂ N. We will prove that for every fixed
C0 ∈
( − (n − 1)A, (n − 1)A) and for every R > 0 there exists a smooth
function φ ∈ C1(∂B(o, R)), with 0 ≤ |φ| ≤ φR < 1 and a unique solution
uR ∈ C2,α
(
B¯(o, R)
)
to the equation
div
∇u√
1+ |∇u|2 =
C0√
1+ |∇u|2 in B(o, R),
∂γu√
1+ |∇u|2 = φ on ∂B(o, R)
(3.44)
with the same constant C0. Indeed, if −φ ≥ 1− ε ≥ 0, the constant C =
C(B(o, R), φ) is given by
C =
− ∫∂Ω φdσ∫
Ω (1+ |∇u|2)−1/2 dx
≥ (1− ε)Area
(
∂B(o, R)
)
Vol
(
B(o, R)
) ≥ (1− ε)(n− 1)A.
So, taking −φ ≥ 1 − ε, we can find a solution on any B(o, R) for some
C ≥ (1− ε)(n− 1)A. Similarly, if −φ ≤ −1+ ε ≤ 0, we can find a solution
on any B(o, R) for some C ≤ −(1− ε)(n− 1)A. Next we are going to prove
that, for any R > 0, we can find a solution to the equation for any fixed
C0 ∈ (−(n− 1)A, (n− 1)A), more precisely, that we can find φ such that
the problem is solvable for the same C0 ∈ (−(n − 1)A, (n − 1)A) in any
B(o, R). To do so, we only need to prove that C depends continuously on φ.
In view of the expression of C, we only need to prove that |∇u|2 depends
continuously on φ. Let uφn,ε =: un be the unique solution to the problem
(3.32) in B(o, R) for some sequence of φn converging to φ and such that
0 < |φn| < 1. Then, since un is uniformly bounded with respect to φn in
C2,α, α > 0, it converges to some function which satisfies the same equation
but with φ. By uniqueness, this function has to be uφ,ε. This proves that
the gradient of uφ,ε is continuous with respect to φ. Taking the limit as
ε → 0 and using the uniqueness of the equation (3.42), we see that Un :=
limε uφn,ε, which satisfies (3.42) with some Cφn , converges in C2,α, α > 0,
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to U := limε uφ,ε that is a solution to (3.42) for some Cφ. This proves the
continuity of |∇u|2 with respect to φ.
We formulate the above as:
Theorem 3.6. Suppose that KN ≤ −A2 < 0 and C0 ∈
(− (n− 1)A, (n− 1)A).
Then, for every R > 0, there exists φ ∈ C1(∂B(o, R)), with |φ| < 1, such that
the equation (3.44) is solvable in B(o, R).
We believe that the above result holds true for all Cartan-Hadamard
manifolds and without an upper bound for the constant C0.
As a corollary we obtain a new proof for the existence of an entire solu-
tion to (1.1) in a rotationally symmetric case.
Corollary 3.7. Suppose that N is a complete rotationally symmetric Riemannian
manifold with the pole o ∈ N such that the radial sectional curvatures satisfy
K(Px) = − ξ
′′(r(x))
ξ(r(x))
≤ −A2 < 0
and let C0 ∈
( − (n − 1)A, (n − 1)A). Then there exists an entire solution to
(1.1) with the constant C0.
Proof. Note that (3.43) holds for geodesic balls B(o, R) centered at the pole o.
Fix C0 ∈
(− (n− 1)A, (n− 1)A) and define the family of constant functions
φt = t for t ∈ (−1, 1). Applying the argument above with functions φt
in balls B(o, k), k ∈ N, we obtain a family uk of solutions to (3.44) with
the same C0 and boundary conditions 〈νk,γk〉 = φtk . By symmetry, the
solutions uk are rotationally symmetric. We may assume that uk(o) = 0 for
every k. As in [1, p. 110] we notice that any difference w = uk − uk+m, m ∈
N, satisfies a linear elliptic equation L(w) = a˜ijwij + b˜iwi = 0 in B(o, k), and
therefore the maximum and minimum of w occur on ∂B(o, k). By symmetry,
the maximum and minimum are equal, so uk = uk+m in B(o, k). Hence,
letting k → ∞ we obtain an entire solution u := limk→∞ uk to the soliton
equation with the constant C0. 
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